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SUMMARY 
Following a suggestion of TIMMAN [I], an attempt is made to geometrize the 
gravitational- and the electromagnetic field. Particle-paths in a space-time con- 
tinuum are identified with the geodesics of a fourdimensional Riemm space with 
a non-symmetric affme connection. Maxwell’s equations are formulated in terms 
of the connection. They are then derived from the basic equations of a unified 
field theory. 
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1. INTRODUCTION 
In this section we will study the variation of an integral 
I= !Lds 
A 
dX 
where L is a function of location x and a vector u= - ds , for allowable 
variations 6x. We will deduce expressions for the variation 81, first in an 
unconnected space X %, secondly in a connected space {X,, rf,}. We will 
then apply the analysis to a variational problem in a Riemann space. 
It will be seen that the geodesics of this space constitute the set of solutions 
of the variational problem. 
1.1 Notation. A vector is denoted by a letter or by a composite ex- 
pression. To denote the oomponents of a vector, we bracket the expression 
used to denote that vector, and then subscript it. If the bracketed ex- 
pression is a letter, we may delete the brackets. The same conventions 
apply to tensors of any order. 
The letter z is used to denote the location. We will use the monadic 
operator d to denote an inflnitesimal increment. 
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EXAMPLE. If v is a vector, 212 are its contravariant components ; $ is a 
av t vector whose contravariant components are indicated by z . 
0 
If x is a location, dx is a displacement ; dx is a vector whose components 
(dx)t are given by 
(axy=axt 
Where the increments are due to a displacement dx, dug are not the 
components of a vector. In a connected space we have dv a vector, 
defined by 
(avy=av~+ rykvqa~p. 
1.2 A decomposition. We will apply this notation to the following 
question: If L is a function of location x and a vector v, dL - where 
aL= Eaxc+ bL 
bX$ -ij;;idv” 
bL bL - is a scalar, although neither a ax* nor S dv’ are scalars. Can we 
write aL as a sum of scalars ? 
The answer is: In an unconnected space, no, we cannot. In a connected 
i3L 
space we have the following line of reasoning open to us: - are not 
bX$ 
the components of a vector, since the prescription not to vary the com- 
ponents of the vector v on displacement is not invariant under coklinate 
transformations. The prescription dv=O (a vector equation!) is invariant. 
bL We therefore have to adjust the quantities a with the change that this 
prescription produces in the value of L, to obtain the components of a 
vector. This vector we . Thus, we have 
rr, vu’. 
Here, 
bL 
relating the components of the vector - with the ordinary partial 
derivatives. 
bV 
In a connected space, we can write 
We now have dL decomposed into two soalars. 
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We note the following formulae: 
in an unoonneoted space ; 
in a conneoted space. 
1.3 The connection in a Riemunn spce. In a metric space, the metrical 
tensor g{j associates with every vector w a scalar quantity, its norm 11ull. 
In formula: 
Ilvll2 = g4j tlf wf. 
In a Riemann space, this scalar does not change upon a change of 
location. That is: 
w4 () -=, bX 
Confining our attention to a symmetric met&al tensor, we derive from 
this : 
(1) 
%w &p -grj r.--gir J-&=0. 
Hence we derive the equations that have to be satisfied by a connection 
in a Riemann space: 
The tensor S is, apart from its antisymmetry, entirely free. It is a third 
order tensor, and in an n-dimensional space it has n-n(n- 1)/2! inde- 
pendent components. 
1.4.0 Variation of an integral. We now turn our attention to the 
main subject of this section: the variation of a line integral 
I= *; L(x(.9,,3* 
157 
in an n-dimensional space, under allowable variations of the path x = z(s). 
Allowable variations will be those, for which the interval of integration 
does not change. Furthermore, they can be derived from a two parameter 
set of functions 
such that 
(2) 
We denote ($$).$ by 61; ($$) dEbyWand@$ de byM(u=g). 
The variation of the path can ti:s be described bi-1 vector 6x along 
the path, where 
(6x)” = 6x”. 
6x is to vanish at the endpoints for all allowable variations. 
The equality (2) can be written as 
(2’) 
d(6xl) 
- =&uf. 
as 
1.4.1 In an unconnected space we have, for all allowable variations 6x, 
and 
Using (29, we arrive by partial integration at 
In a connected space we have, (see 1.2), 
Since 
d(dx) ( 
(4 
cz(6x)t 
as = -&-- + l-y#x)s ur, 
we have, once more using (2’), 
(3) 
11 Indagationes 
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Using (3) we arrive at the following equation for the variation of the 
integral in a connected space: 
1.4.2 In a Riemann space we pose a variational problem: find x=x(s) 
such that, with 
dX 
a=&’ 
I= fLa8, 
A 
for all allowable variations, 
61= - 2 s” K&TX)‘ da, 
A 
where 
Kr= -IS’ rs( tuu!. 
Since g = 0 in this case, the usual argument about the arbitrariness of 
8x leads to 
( 
d bL 
( >> 
-- 
as bu =o 6 i 
as the set of differential equations that has to be satisfied by the solution. 
as Or, since z 
0 
= 0 in a Riemann space, we have 
ff 
dt4 ( 
0 
ad 
ZF = yg +rj8u’u8=0. 
The solutions coincide with the geodesic lines of the connected space 
that underlies the Riemann space, in which the problem was formulated. 
Using the expression that was derived for the FJ, in this case, (see 1.3), 
we have 
to describe the solutions. 
2. PARTICLE PATHS AND GEODESICS 
TIBIMAN (ibid.) compared the equations (5) with the motion of an 
electrical particle in a gravitational field: 
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By the “tentative identification” 
he linked the electromagnetic field with the afhne connection of a 4- 
dimensional Riemann space. With a reference to WEYL [2], we remark 
that-with this identification in mind- (5) diplays the striking formal 
similarity between the gravitational- and the electromagnetic forces : both 
are quadratic expressions in the world velocity vector. 
2.1 Maxwell’s equutions. Maxwell’s first and second law for the elec- 
tromagnetic field tensor F in vacua are, respectively, 
1 w F’” =s, 
i&v-x3- ’ j, k= 1, 2, 3, 4; 
and 
PI 
1 @‘g srstu Frs = o r, 8, iG tbXt ’ t,u 1 = 1, 2, 3, 4. 
(Cf. SCHR~DINGER [3], p. 242.5.) 
To derive from (A) and (B) the equations which have to be satisfied 
by the tensor 8, the mere substitution of (6) in (A) and (B) is not sufficient. 
To illustrate this, we substitute (6) in (A): 
We may decompose the lefthand side into 
This brings to light that the substitution has to be complemented by a 
dmut statement regarding the values of - . 
bXk 
These values represent the in- 
fluence of 2 on the values of the lefthand side. To eliminate this influ- 
erme, we propose to set 
(‘1 dmu -(-j dX 
as the complementary condition. 
We have to answer the question whence we derive this condition. To 
this question there is but one answer: The condition (7) is implicit in 
Maxwell’s equations. 1) 
1) To know the field, one haa to control the test-vector. 
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Consequently, we are lead to consider 
(8) 
for all u=$, if g=O; and 
for all u= e if dmu - =O; where (6): cik’ ax 
as the equations that have to be satisfied by F (or S) in vacua. 
The equations (A) and (B) are formally independent of the connection. 
(Cf. SCHR~DINQER [3], p. 23). In the formulae (8) and (9) we have 
relinquished this independence - already untenable in view of equation (6). 
We may go one step further, and try to derive (8) from an equation like 
1 %'g~5J'~~ = 
vi bxk @, 
for all u= $, if F =O; or, from 
for all u= E if !!.! =O 
0%’ ax ’ 
Here, or=~/mc2, or rather 
&-J es 7 -9 
c eo 
a being the ratio of the electromagnetic density es and the gravitational 
density e,, with an appropiate scaling factor. 
2.2 The divergence of a vector. In aid of our analysis, we will use the 
following identity declarations : 
and 
From (1') we derive the relations 
r&= rk+Sk; 
rtk=rk; 
161 
and 
where g = det (ggf). 
JLl”g k 2g bxk’ 
For the divergence of a vector A we thus have 
=A(,-&A”. 
2.3 Basic formdae. We try to satisfy (9) by 
mu(&,= $ - 2 ; 
or, rather by 
for all U= 2, if 2 =O. 
This means that we have to find a second order tensor A, such that 
for all u= $. 
Elimination of u from this equation yields 
(11) s,,,= US - -GAps bxr , 
as the tentative solution of (9). 
We may rewrite (1) as 
gip r;= 2% - r;g,,. 8x8 
Substitution of this, and the corresponding expression for gtP r; in (1’): 
&8 = gZp r: - gCP r% 
reveals that the tensor g satisfies (11). 
We have thus demonstrated that (1) implies (9). 
Applying the result of section 2.2 to equation (lo), we arrive at its 
equivalent : 
for all U= g, if 2 =O. 
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Hence we conclude that 
for all U= $. 
Elimination of u from this equation finally displays the basic formula 
that is equivalent to (10) : 
(12) &W; k - Sk Sgfk) + #W; k - Sk Sftk) = C@. 
2.4 A uni$ed field theory. It is our aim to derive the equations (8) 
and (9) from the equations (1) and (12). Since (1) has been shown to 
imply, (9) we may apply ourselves to the derivation of (8). To reach our 
goal, we should be prepared to set some constraints on the tensors S 
and g: equations that have to be satisfied by these tensors besides the 
fundamental formula ( 12). 
The first set of conditions establishes the symmetry of the composite 
form Stfk; k - SkS’Jk. It consists of 6 independent equations, and reads : 
St5k; k - Sk SW = SW; k - Sk #Sk. 
If these are satisfied, we may write (12) as 
(13) #5k; k-Sk Sf5k = ,#. 
We may also view (13) as 16 independent equations, in which the 
above mentioned symmetry is implied. 
F’rom (13) we derive that 
for all u= 2 ; or 
lrnut suk); k - m?Q Sk s65k = !$ d, 
ifamu=O - . ax 
Alternatively, we may write the lefthand side as 
1 bj/g rnusStfk 
iG i3X:” 
+ mut I& Sfpk = 4 J, 
for all u= 2, if 2 =O. 
Since by (1’): 
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we have to impose the condition: 
(14) S f + Sjpk = 0 
to arrive at (8): 
for all u= $, if F =O. 
The latter condition consists of 10 independent equations. 
3. &JMMABY OF THE BASIC FORMULAE 
The basic equations of our unified field theory are, respectively, (1): 
where (1’): 
and (13): 
SW; k - Sk St5k = agff, 
together with (14), 
s.$k Lwk = 0. 
In a metrical space that is thus connected, the paths s=z(.s) of lightrays, 
electrical particles and gravitational point masses are geodesics: 
where 
0%2=g~jdx~d~, 
dX 
u=-. 
da 
3.1 Some simple consequences. a) In section 2.4 we have shown that 
Maxwell’s equations (8) and (9) can be derived from (I), (13) and (14). 
Completely analogous to this derivation, we may deduce (from the basic 
formulae) that 
(15) 
1 
i% 
w!? f.Q Stgk = &J 
bxk ’ 
for all u= 2, if g =O; and 
(16) 
1 Ml &‘gtU 246 s,, 
6 bxt =O, 
for all u= $, if g =O. 
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These formulae can be seen as an alternative formulation of Maxwell’s 
laws for the electromagnetic field. They cover also-in a non-trivial way - 
the case that mu = 0. Therefore, they are slightly more general than (8) 
and (9). 
b) The Einstein-equations for the path of a point mass in a gravi- 
tational field, i.e. 
auk k -&-+ . . u”J=O 
(1 Y 
have acquired an additional term in the space of our theory, and read 
now 
for all u = Lx a8 * 
duk k 
x+ . . 
0 23 
U'td+Si~kUau3=0 
We will now consider the solution of the equation 
(17) ,Q+&&o, 
for all U= g. We immedeately deduce that in this case 
sii k = - S, k. 
Since &jk = -&I, we thus have 
as the general solution of (17). 
Substitution of this equation in (14) yields 
Since 
&rQ,k c8jPk Ar A, = 0. 
we may write this as 
Only A = 0 satisfies this set of conditions. We have thus shown that, 
from (17), we may infer that X=0. 
c) From (15) we may derive that 
for all u= 2, if g =0, and if 
is continuous. We may rewrite this as 
(fxu)&xsjtd=o 
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under the same set of conditions. In this case, we have 
for all u= 2 ; whence we derive that 
This is the continuity equation of our theory. 
d) For a# 0, (13) may be written as 
Substitution of (18) in this equation reveals that 
s .*k 
0 a (i.;k =ga;re 
We are tempted to adduce a meaning to this formula, also in the case 
where 01=0. 
We will not yield to this temptation, now. 
4. A QUOTATION 
We are indebted to Erwin Schrijdinger for his beautiful booklet : Space- 
time structure. In the analysis of the variation of an integral we followed 
the lines which, with great clarity, were drawn by him. 
We conclude this article with a quotation from VAN DER WAALS [4]: 
“Maar dan is er nog maar Ben mogelijkheid. Wil men nu ook de elec- 
trisohe krachten geometrisch duiden, dan zal het begrip geometrie zoo- 
danig moeten worden uitgebreid, dat de eigenschappen der (vierdimen- 
sionale) ruimte in een punt door meer dan tien gegevens bepaald zijn.” 
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